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Circles in the Unit Sphere of a Hilbert Space 
L. 3. GRINBLAT 
Department of Mathematics, Bar-Ilan University, Ramat-Gan, Israel 
We construct on the unit sphere of a Hilbert space two closed sets F, , F2 such 
that FlnF, = @ and F,nQ # o, F,nQ # o for any subspace Q of 
dimension 2. 
1. INTRODUCTION 
Let H be a real, separable Hilbert space, En any subspace of H of dimension n, 
and Sn the intersection of En+1 with the unit sphere of H, S = (x E H: j/ x /j = 1). 
From a well-known theorem of A. Dvoretzky [2], it is rather easy to obtain the 
following interesting 
THEOREM 1 (V. Mil’man [3]). F or any uniformly continuous function f on S 
and for any E > 0 and any natural number n there exists 5’” such that for any two 
points x, y E S”, /f (32) - f (y)l < E. 
In [4] V. Mil’man gave a simple proof of Theorem 1 which relies upon results 
of P. Levy in [l]. As it turns out, the hypothesis of uniform continuity of a 
function f in Theorem 1 is indespensable. We construct two closed sets Fl , F, C S 
such that Fl n F, = B and Fl n 9 f  0, F2 n 9 f 0 for any 9. Let g(x) be a 
continuous function on S such that: 
(1) 0 d g(x) d 1; 
(2) g(x) =OifxeF1; 
(3) g(x) = 1 if x E F, . 
For the function g(x) the conclusion of Theorem 1 no longer holds. 
2. THE SET Fl 
Let (x, y) be the scalar product of x,y E H and let e, ,..., ek ,... be an ortho- 
normal basis of H. Consider a sequence of numbers 1 = rr > r2 ... > r, > ... 
such that r, --f 0. Consider the function R(x) = Cr=‘=, l(e, , x)1/2’; on S. Let 
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0, = {x E S: rbl > R(x) > r,+I}. For any natural number q consider a &-rite 
sequence of positive numbers aQi ,..., a,, such that 0 
Obviously, supzEV, R(x) < rafl and therefore U, n 0, = 0, where 
Let 
U, = fi {X E S : I(ei , X)1 < a,$}. 
i=l 
Vai = (x E S : (ei , x} = aad}, VF= PinO,. 
The desired set 
It is easy to see that the set Fl is closed. Indeed, let x0 E S\F, and R(x,) = a > 0. 
Consider a natural number 4s such that a > rgO . From the continuity of R(x) 
it follows that the set L = {x E S: R(x) > rGO} is open. There exists m such 
that L n Fl C 5, where 5 = (Jz=r (Ji Uagn Vz. The set 5 is the union of a 
finite number of closed sets Vz and therefore 5 is closed. The set L\g = U is 
open, x,, E U and U C S\F, . We proved that the set Fl is closed. 
THEOREM 2. For any 9, Fl n S # m. 
Proof. Let m = mm,{9 n 0, # @}. By construction U, n 0, = @ and 
therefore there exists x E s1 n 0, and i < p, such that I(ei , x)1 > ami . There 
exists a point y E S such that (ei , y) = ami , i.e. y E Vz, where n > m, and 
therefore y E Fl . 1 
3. THE SET F, 
Let u6 = ~(0,) S\(J& O,), where p(x, y) = II x - y [I. Let ai = inf(p(x, y), 
x E 0, , y E O,,,} and 3 * ut * EL: pi = min(or ,..., 0:). Obviously, ui > 0, 
UT > 0. Consider on s1 the Lebesgue measure p such that ,~(sl) = 27. For 
any E > 0 and for any natural number tt there exists a number T(E, a) > 0 
such that 
p(sI n {X E S: p(x, W) -c T(E, n)}) -=c E 
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for any S if q < n. Let u,~ = rnin(T(Gz, n), ah/3). By definition p(x, a) = co. 
Let Gz = {X E S: p(x, Vg) < u,}. The desired set 
F, = S\U U U Ga” 
n i asp 
Obviously, Fl n F2 = 0. 
THEOREM 3. For any 9, F2 A S # 0. 
Proof. Suppose that SC S\F, . As above, put m = min,{S n 0, # %a). 
There are two possible cases: 
(a) 9 n O,,, # @ ; 
(b) S C 0, u Om+l . 
Case (a). Obviously, 
m+3 
S, n Om+l C c2 (u u Gf). 
9-n% i cl(n 
From this it follows that there exists G$ such that n > m, q < n and ~(29 n 
G:) > CT; . We have a contradiction. 
Case (b). Let m > 1. Obviously, 9 C UrTLl (ui Udn Gt’) and therefore 
there exists G$ such that n 2 m - 1, q < n and 
We have a contradiction. 1 
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